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Abstract

An accurate eighth algebraic order exponentially-fitted method is developed for the numerical solution of radial Schrödinger
equation and of the coupled differential equations of the Schrödinger type. The free parameters of the new scheme are defined
in order to integrate exactly exponential functions. Numerical and theoretical results indicate that the new method is much more
efficient than other classical and exponentially fitted methods. 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

There is a great activity in last decade for the numerical solution of the radial Schrödinger equation and coupled
differential equations of the Schrödinger type. The aim of this activity is the construction of an efficient and reliable
algorithm that approximates the solution (see [1] and references therein).

The radial Schrödinger equation can be written as

y ′′(r)= f (r)y(r)= [l(l + 1)/r2+ V (r)− k2]y(r). (1)

Differential equations of the above type occur very frequently in many problems in theoretical physics and
chemistry, in chemical physics, in physical chemistry, in astrophysics, in electronics and elsewhere (see, for
example, [2]). For the above reason it is needed the construction of an efficient and reliable numerical method.
In (1) the function

W(r)= l(l + 1)/r2+ V (r)
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denotesthe effective potential, which satisfiesW(r)→ 0 asr→∞, k2 is a real number denotingthe energy, l is
a given integer andV is a given function which denotes the potential. The boundary conditions are

y(0)= 0 (2)

and a second boundary condition, for large values ofr, determined by physical considerations.
An explanation about the not efficiency of boundary and initial value methods is given in [3].
One of the most popular and well known methods for the numerical solution of (1) isNumerov’s method. The

reason is given in [3]. In [4,5] high order numerical methods for the eigenvalue problem of the radial Schrödinger
equation are developed for some special potentialsV (x) which are even functions.

In [6] the Runge–Kutta type or hybrid methods, which are an alternative approach for deriving higher order
methods, are introduced.

In [7] (and references therein) another approach for developing efficient methods for the numerical solution of
(1), which is the exponential fitting (see [7] and references therein), is introduced. This approach is appropriate
because for large values ofr and positivek2 the solution of (1) isperiodic. Many authors have investigated the idea
of exponential fitting, since Raptis and Allison [8]. Ixaru and Rizea [7] have produced a method which integrates
functions of the form{

1, x, x2, . . . , xp,exp(±vx), x exp(±vx), . . . , xm exp(±vx)}, (3)

wherev is the frequency of the problem. For the method obtained by Ixaru and Rizea [7] we havem = 1 and
p = 1. Raptis [9] develop an exponentially-fitted method withm= 2 andp = 0. Simos [10] has derived a four-step
method of this type which integrates more exponential functions and gives much more accurate results than the
four-step methods of Raptis [11,12]. For this method we havem= 3 andp = 0. Simos [13] has derived a family
of four-step methods which give more efficient results than other four-step methods. In particular, he has derived
methods withm= 0 andp = 5,m= 1 andp = 3,m= 2 andp = 1 and finallym= 3 andp = 0. Also Raptis and
Cash [14] have derived a two-step method fitted to (3) withm = 0 andp = 5 based on the well known Runge–
Kutta-type sixth-order formula of Cash and Raptis [15]. The method of Cash, Raptis and Simos [16] is also based
on the formula proposed in [15] and is fitted to (3) withm= 1 andp = 3. All the above methods are of algebraic
order four and six.

The purpose of this paper is to derive an eighth algebraic order method fitted to (3) and in particular to derive
an exponentially-fitted method withm = 4 andp = 0. Based on the new developed method and the sixth-order
exponentially-fitted method of Simos [17] a variable-step procedure is introduced. We have applied the new
methods to the solution of coupled differential equations arising from the Schrödinger equation. The results
indicate that the approach is more efficient than the well known iterative Numerov method of Allison [18], the
exponentially-fitted variable-step method of Raptis and Cash [14] and the classical (with constant coefficients)
variable-step method of Simos [19].

2. Exponential multistep methods

For the numerical solution of the initial value problem

y(r) = f (x, y), y(j)(A)= 0, j = 0,1, . . . , r − 1 (4)

the multistep methods of the form

k∑
i=0

aiyn+i = hr
k∑
i=0

bif (xn+i , yn+i ) (5)

over the equally spaced intervals{xi}ki=0 in [A,B] can be used.
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The method (5) is associated with the operator

L(x)=
k∑
i=0

[
aiz(x + ih)− hrbiz(r)(x + ih)

]
, (6)

wherez is a continuously differentiable function.

Definition 1. The multistep method (5) called algebraic (or exponential) of orderp if the associated linear
operatorL vanishes for any linear combination of the linearly independent functions 1, x, x2, . . . , xp+r−1 (or
exp(v0x),exp(v1x), . . . ,exp(vp+r−1x) wherevi, i = 0,1, . . . , p+ r − 1 are real or complex numbers).

Remark 1 (see [20]). Ifvi = v for i = 0,1, . . . , n, n 6 p + r − 1 then the operatorL vanishes for any linear
combination of{

exp(vx), x exp(vx), x2 exp(vx), . . . , xn exp(vx),exp(vn+1x), . . . ,exp(vp+r−1x)
}
. (7)

Remark 2 (see [20]). Every exponential multistep method corresponds in a unique way, to an algebraic multistep
method (by settingvi = 0 for all i).

Lemma 1 (For proof see [20] and [21]).Consider an operatorL of the form(6). With v ∈ C, h ∈ R, n > r if
v = 0, andn> 1 otherwise, then we have

L
[
xm exp(vx)

]= 0, m= 0,1, . . . , n− 1, L
[
xn exp(vx)

] 6= 0 (8)

if and only if the functionϕ has a zero of exact multiplicitys at exp(vh), wheres = n if v 6= 0, ands = n− r if
v = 0, ϕ(w)= ρ(w)/ logr w− σ(w), ρ(w)=∑k

i=0aiw
i andσ(w)=∑k

i=0 biw
i .

Proposition 1 (For proof see [22] and [23]).Consider an operatorL with

L
[
exp(±vix)

]= 0, j = 0,1, . . . , k 6 p+ r − 1

2
(9)

then for givenai andp with ai = (−1)rak−i there is a unique set ofbi such thatbi = bk−i .

In the present paper we investigate the caser = 2.

3. The new exponentially-fitted method

Consider the following method:

yn+1+ q1yn + yn−1= h2[t0(fn+1+ fn−1)+ t1fn + t2(fn+s + fn−s )+ t3(fn+q + fn−q )
]
. (10)

This method for appropriate values ofti , i = 0(1)3, for s = √21/3 and arbitrary values ofq is of algebraic
order eight (see for details [19]).

We require that the methods (10) should integrate exactly any linear combination of the functions:{
exp(±vx), x exp(±vx), x2 exp(±vx), x3 exp(±vx), x4 exp(±vx)}. (11)

To construct a method of the form (10) which integrates exactly the functions (11), we require that the method
(10) integrates exactly (see [22] and [23]):{

exp(±v0x),exp(±v1x),exp(±v2x),exp(±v3x),exp(±v4x)
}

(12)
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and then put:

v0= v1= v2= v3= v4= v. (13)

Demanding that (10) integrates (12) exactly, we obtain the following system of equations forq1 and for
ti , i = 0(1)3

2t2w2
j cosh(wj s)+ 2 cosh(wj )t0w2

j − q1+ t1w2
j + 2t3w2

j cosh(wjq)= 2 cosh(wj ) (14)

wherewj = vjh, j = 0(1)4.
Solving for q1 and for ti , i = 0(1)3 and puttings =√21/3 andq = 1

2, we obtain the coefficients which are
given in the Appendix A.

The above formulae forq1 andti , i = 0(1)3 are subject to heavy cancellations for small values ofw = vh. In
this case it is much more convenient to use the series expansions for the coefficientsq1 andti , i = 0(1)3 of the
method given in the Appendix B.

We now seek computable approximations toyn±s andyn±q . For these approximations we still require to be exact
to any linear combination of the functions of the form{

exp(±vx), x exp(±vx), . . . , xm exp(±vx)}. (15)

Following [19] we look for approximations of the form

yn+s + yn−s = a0(yn+1+ yn−1)+ a1yn + h2[a2(fn+1+ fn−1)+ a3fn
]
, (16)

yn+s − yn−s = b0(yn+1− yn−1)+ h2b1(fn+1− fn−1) (17)

and of the form

yn+q + yn−q = c0(yn+1+ yn−1)+ c1yn + h2[c2(fn+1+ fn−1)+ c3fn + c4(fn+s + fn−s )
]
, (18)

yn+q − yn−q = d0(yn+1− yn−1)+ h2[d1(fn+1− fn−1)+ d2(fn+s − fn−s )
]
. (19)

We require that the method (16) should integrate exactly any linear combination of the functions (15) (form= 3).
We also require that the method (17) should integrate exactly any linear combination of the functions (15) (for
m= 1).

To construct a method of the form (16) which integrates exactly the functions (15) (withm= 3), we require (see
[22] and [23]) that the method (16) integrates exactly{

exp(±v0x),exp(±v1x),exp(±v2x),exp(±v3x)
}

(20)

and then put

v0= v1= v2= v3= v. (21)

To construct a method of the form (17) which integrates exactly the functions (15) (withm= 1), we require that
the method (17) integrates exactly (see [22] and [23]):{

exp(±v0x),exp(±v1x)
}

(22)

and then put:

v0= v1= v. (23)

Demanding that (16) integrates (20) exactly, we obtain the following system of equations forai, i = 0(1)3.
Demanding, also, that (17) integrates (22) exactly, we obtain the following system of equations forbi, i = 0,1.

2a0 cosh(wj )+ 2a2w
2
j cosh(wj )+ a1+ a3w

2
j = 2 cosh(wj s), (24)

2b0 sinh(wj )+ 2b1w
2
j sinh(wj )= 2 sinh(wj s) (25)

wherewj = vjh, j = 0,1,2,3 for (24) andj = 0,1 for (25).
Solving for ai, i = 0(1)3 and forbi, i = 0,1 and puttings = √21/3 andq = 1

2, we obtain the coefficients
which are given in the Appendix C.
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The above formulae fora1 andb1 are subject to heavy cancellations for small values ofw = vh. In this case it is
much more convenient to use the series expansions for the coefficientai, i = 0(1)3 andbi, i = 0,1 of the method
given in the Appendix D.

Following the same procedure as above, we require that the method (18) should integrate exactly any linear
combination of the functions (15) (form= 4). We also require that the method (19) should integrate exactly any
linear combination of the functions (15) (form= 2).

To construct a method of the form (18) which integrates exactly the functions (15) (withm= 4), we require that
the method (17) integrates exactly (12) (see [22] and [23]) and then put (13).

To construct a method of the form (19) which integrates exactly the functions (15) (withm= 2), we require that
the method (19) integrates exactly (see [22] and [23]):{

exp(±v0x),exp(±v1x),exp(±v2x)
}

(26)

and then put:

v0= v1= v2= v. (27)

Demanding that (18) integrates (12) exactly, we obtain the following system of equations forci, i = 0(1)4.
Demanding, also, that (19) integrates (26) exactly, we obtain the following system of equations fordi, i = 0(1)2.

2c4w
2 cosh(w s)+ 2c2w

2 cosh(w)+ 2c0 cosh(w)+ c3w
2+ c1= 2 cosh(w q), (28)

2d2w
2 sinh(w s)+ 2d0 sinh(w)+ 2d1w

2 sinh(w)= 2 sinh(w q). (29)

Solving for ci, i = 0(1)4 and fordi, i = 0(1)2 and puttings =√21/3 andq = 1
2, we obtain the coefficients

which are given in the Appendix E.
The above formulae forci, i = 0(1)4 anddi, i = 0(1)2 are subject to heavy cancellations for small values of

w = vh. In this case it is much more convenient to use the series expansions for these coefficients of the method
which are given in the Appendix F. Since the Taylor series expansions are very accurate (we have given series
expansions of 14th order), one can use them in all cases. Finally, in the Appendix G a description of the computer
algebra program, which is used for the derivation of the coefficients presented in Appendices A–F, is presented.

It is easy for one to see that the approximations ofyn±s andyn±q are given by

yn+s = 1
2(a0+ b0)yn+1+ 1

2a1yn + 1
2(a0− b0)yn−1

+ h2( 1
2(a2+ b1)y

′′
n+1+ 1

2a3y
′′
n + 1

2(a2− b1)y
′′
n−1

)
,

yn−s = 1
2(a0− b0)yn+1+ 1

2a1yn + 1
2(a0+ b0)yn−1

+ h2( 1
2(a2− b1)y

′′
n+1+ 1

2a3y
′′
n + 1

2(a2+ b1)y
′′
n−1

)
, (30)

yn+q = 1
2(c0+ d0)yn+1+ 1

2c1yn + 1
2(c0− d0)yn−1

+ h2( 1
2(c2+ d1)y

′′
n+1+ 1

2c3y
′′
n + 1

2(c2− d1)y
′′
n−1

)
,

+ h2( 1
2(c4+ d2)y

′′
n+s + 1

2(c4− d2)y
′′
n−s

)
,

yn−q = 1
2(c0− d0)yn+1+ 1

2c1yn + 1
2(c0+ d0)yn−1

+ h2( 1
2(c2− d1)y

′′
n+1+ 1

2c3y
′′
n + 1

2(c2+ d1)y
′′
n−1

)
,

+ h2( 1
2(c4− d2)y

′′
n+s + 1

2(c4+ d2)y
′′
n−s

)
.

If w = iφ, then the method (10), (30) with coefficients given by (58), (61) and (63) is exact for any linear
combination of the functions:{

sin(φx),cos(φx), x sin(φx), x cos(φx), x2 sin(φx), x2 cos(φx),

x3 sin(φx), x3 cos(φx), x4 sin(φx), x4 cos(φx)
}
. (31)
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4. Error analysis

In this section we will examine theoretically the method developed in [19], the exponentially-fitted method
developed in [24] and the new exponentially-fitted method. We will also find a quantitative estimation for the
extend of the accuracy gain to be expected from the exponentially-fitted versions.

Definition 2. A method is called classical if it has constant coefficients.

Remark 3. An exponentially-fitted method is not a classical one because it has coefficients which are depended
from the quantityvh, wherev is the frequency of the problem andh is the step length.

We first writef (x) of (1) in the form

f (x)= g(x)+ d, (32)

whereg(x)=U(x)−Uc= g, whereUc is the constant approximation of the potential andd =w2=Uc− k2. So,
g(x) depends on the potential and its constant approximation andd shows the energy dependence.

The local truncation error of the method developed in [19] (withs =√21/3 and arbitraryq) is given by

L.T .E.clas. = h10

152409600(7− 3q2)

[
3y(10)
n T1+ 56y(8)n Fn(13− 42q2)

]+O(h12), (33)

whereT1= 765q4− 2007q2+ 518.
The local truncation error of the exponentially-fitted method developed in [24] is given by (withs =√21/3 and

arbitraryq)

L.T .E.exp.[24] = h10

152409600(7− 3q2)

× [3(y(10)
n − dy(8)n )T1+ 56(y(8)n − dy(6)n )Fn(13− 42q2)

]+O(h12). (34)

The local truncation error of the exponentially- fitted method developed in this paper is given by (withs =√21/3
and arbitraryq)

L.T .E.new= h10
(

41

203212800
y(10)
n − 41

40642560
dy(8)n −

41

203212800
ynd

5

− 41

20321280
d3y(4)n +

41

20321280
d2y(6)n +

41

40642560
d4y(2)n

)
+O(h12). (35)

We express, now, the derivativesy ′′(x), y(4), y(6), y(8) andy(10) in terms of Eq. (1), i.e.

y ′′ = f (x)y(x),
y(4) =

(
∂2

∂x2
U(x)

)
y(x)+ 2

(
∂

∂x
U(x)

)(
∂

∂x
y(x)

)
+ y(x)U(x)2− 2y(x)U(x)Uc

+ 2y(x)U(x) d + y(x)U2
c − 2y(x)Ucd + y(x) d2, (36)

etc. We note thatg(n)(x) = U(n)(x) for nth order derivative with respect tox. We also express the terms as
polynomials ofd .

If we introduce, now, these expressions to the local truncation error formulae (33) and (34), then we obtain the
following expressions (as polynomials ofd) for the local truncation error. We note that in the following expressions
q = 1

2.
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Classical method[19].

L.T .E.clas. = h10
(
d5 41

203212800
y(x)+ d4T2+ · · ·

)
+O(h12), (37)

where

T2=− 1

3048192000

(−448y(x)− 3075y(x)U(x)+ 3075y(x)Uc
)
.

Exponentially-fitted method [24].

L.T .E.exp.[24] = h10
(
d4
(
− 1

3048192000
(−615y(x)U(x)+ 615y(x)Uc)

)
+ · · ·

)
+O(h12). (38)

New exponentially-fitted method.

L.T .E.new= h10
[
d

(
41

5080320

(
∂3

∂x3U(x)

)(
∂

∂x
y(x)

)
U(x)− 41

5080320

(
∂3

∂x3U(x)

)(
∂

∂x
y(x)

)
Uc

+ 41

5080320
X1y(x)U(x)

2− 41

2540160
X1U(x)y(x)Uc+ 41

5080320
X1y(x)Uc

2

+ 41

2540160

(
∂

∂x
U(x)

)(
∂

∂x
y(x)

)
X1+ 41

3386880

(
∂

∂x
U(x)

)2

y(x)U(x)

− 41

3386880

(
∂

∂x
U(x)

)2

y(x)Uc+ 533

12700800

(
∂

∂x
U(x)

)
y(x)

(
∂3

∂x3U(x)

)
+ 943

50803200

(
∂4

∂x4U(x)

)
y(x)U(x)

− 943

50803200

(
∂4

∂x4
U(x)

)
y(x)Uc+ 697

25401600
X2

1y(x)

+ 41

8467200

(
∂6

∂x6
U(x)

)
y(x)+ 41

6350400

(
∂5

∂x5
U(x)

)(
∂

∂x
y(x)

))
+ · · ·

]
, (39)

X1= ∂2

∂x2U(x).

From the relations (37) and (38) we obtain the asymptotic expansions of the errors (in the case whered� 0 or
d� 0).

Classical method[19].

L.T .E.clas. = h10d5 41

203212800
y(x). (40)

Exponentially-fitted method [24].

L.T .E.exp.[24] = h10
(
d4
(
− 1

3048192000

(−615y(x)U(x)+ 615y(x)Uc
)))

. (41)

New exponentially-fitted method.

L.T .E.new= h10
[
d

(
41

5080320

(
∂3

∂x3
U(x)

)(
∂

∂x
y(x)

)
U(x)− 41

5080320

(
∂3

∂x3
U(x)

)(
∂

∂x
y(x)

)
Uc
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+ 41

5080320
X1y(x)U(x)

2− 41

2540160
X1U(x)y(x)Uc+ 41

5080320
X1y(x)Uc

2

+ 41

2540160

(
∂

∂x
U(x)

)(
∂

∂x
y(x)

)
X1+ 41

3386880

(
∂

∂x
U(x)

)2

y(x)U(x)

− 41

3386880

(
∂

∂x
U(x)

)2

y(x)Uc+ 533

12700800

(
∂

∂x
U(x)

)
y(x)

(
∂3

∂x3
U(x)

)
+ 943

50803200

(
∂4

∂x4U(x)

)
y(x)U(x)

− 943

50803200

(
∂4

∂x4U(x)

)
y(x)Uc+ 697

25401600
X2

1y(x)

+ 41

8467200

(
∂6

∂x6U(x)

)
y(x)+ 41

6350400

(
∂5

∂x5U(x)

)(
∂

∂x
y(x)

))]
, (42)

X1= ∂2

∂x2U(x).

From the above equations we have that in the classical eighth-order method developed in [19] the error increases
as a fifth power ofd . In the exponentially-fitted eighth-order method developed in [24] the error increases as a
fourth power ofd . In the exponentially-fitted eighth-order method developed in this paper the error increases as a
first power ofd . Based on the above analysis we have the following theorem

Theorem 1. For the exponentially-fitted method developed in this paper and for problems of the form(1) with f (x)
given by(32), the error increases as a first power ofd , while for the exponentially-fitted method developed in[24]
the error increases as a fourth power ofd and for the the eighth algebraic order method developed in[19] the
error increases as a fifth power ofd . So the new exponentially-fitted method is more accurate than the eighth-order
exponentially-fitted method of[24] and the eighth-order method developed in[19] for the problems mentioned
above especially for large values of|d| = |Uc−E|.

5. Numerical illustration

5.1. Error estimation

It is known from the literature (see, for example, [25] and references therein) that there are many methods for
the estimation of the local truncation error (LTE) in the integration of systems of initial-value problems. We note
that the LTE is based on the algebraic order of the method.

The local error estimation algorithm used in this paper is based on the fact that when we have a method with local
error of higher order then the approximation of the solution for the problems which have a periodic or oscillating
solution is better.

Denoting the solution obtained with higher algebraic order method asyH
n+1 and the solution obtained with lower

algebraic order method asyL
n+1, we have the following definition

Definition 3. We define thelocal error estimate in the lower order solutionyL
n+1 by the quantity

L.T .E.= ∣∣yH
n+1− yL

n+1

∣∣. (43)

Under the assumption that whenh is sufficiently small, thelocal error in yH
n+1 can be neglected compared with

that inyL
n+1.
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We assume that the solutionyH
n+1 is obtained using the exponentially-fitted method developed in this paper and

the solutionyL
n+1 is obtained using the exponentially-fitted method of Simos [17].

If the local phase-lag error is bounded byacc and the step size of the integration used for thenth step length is
hn, the estimated step size for the(n+ 1)st step, which will give a local error bounded byacc, must be

hn+1= hn
(

acc

L.T .E.

)1/q

, (44)

whereq is the order of the local error.
Following [14], we have considered all step changes to halving and doubling. Thus, based on the procedure

developed in [14], for the Local Truncation Error, the step control procedure which we use for the Local Error is

If L.T .E. < acc, hn+1= 2hn,

If 100 acc > L.T .E.> acc, hn+1= hn,
If L.T .E.> 100acc, hn+1= hn

2
and repeat the step.

(45)

It is known that the local error estimate is obtained to the lower order solution. This is applied, also, in our
case of the local error estimate, i.e. the local error estimate is obtained foryL

n+1. However, if this error estimate is
acceptable, i.e. less than the boundacc, we consider the widely used local extrapolation technique. Thus, although
we are controlling an estimation of the local error in the lower order solutionyL

n+1, we use the higher order solution
yH
n+1 at each accepted step.

5.2. Coupled differential equations

There are many problems in theoretical physics, atomic physics, physical chemistry, quantum chemistry and
chemical physics which can be transformed to the solution of coupled differential equations of the Schrödinger
type.

The close-coupling differential equations of the Schrödinger type may be written in the form[
d2

dx2 + k2
i −

li(li + 1)

x2 − Vii
]
yij =

N∑
m=1

Vimymj (46)

for 16 i 6N andm 6= i.
We have investigated the case in which all channels are open. So we have the following boundary conditions

(see for details [18]):

yij = 0 atx = 0, (47)

yij ∼ kixjli (kix)δij +
(
ki

kj

)1/2

Kij kixnli(kix), (48)

wherejl(x) andnl(x) are the spherical Bessel and Neumann functions, respectively. We note here that since the
method presented in this paper have much larger intervals of periodicity (the property which must have a method
to avoid instabilities) than the Numerov’s method, the method of Cash and Raptis [15] and other finite difference
methods, we can use the present methods to problems involve close channels.

Based on the detailed analysis developed in [18] and defining a matrixK ′ and diagonal matricesM, N by:

K ′ij =
(
ki

kj

)1/2

Kij ,

Mij = kixjli (kix)δij ,
Nij = kixnli (kix)δij ,
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we find that the asymptotic condition (48) may be written as:

y∼M +NK ′. (49)

One of the most well-known methods for the numerical solution of the coupled differential equations arising
from the Schrödinger equation is the Iterative Numerov method of Allison [18].

A real problem in theoretical physics, atomic physics, quantum chemistry and molecular physics which can
be transformed to close-coupling differential equations of the Schrödinger type is the rotational excitation of a
diatomic molecule by neutral particle impact. Denoting, as in [18], the entrance channel by the quantum numbers
(j, l), the exit channels by(j ′, l′), and the total angular momentum byJ = j + l = j ′ + l′, we find that[

d2

dx2 + k2
j ′j −

l′(l′ + 1)

x2

]
y
Jjl

j ′l′ (x)=
2µ

h̄2

∑
j ′′

∑
l′′

〈
j ′l′; J |V |j ′′l′′; J 〉yJjl

j ′′l′′(x), (50)

where

kj ′j = 2µ

h̄2

[
E + h̄

2

2I

{
j (j + 1)− j ′(j ′ + 1)

}]
, (51)

E is the kinetic energy of the incident particle in the center-of-mass system,I is the moment of inertia of the
rotator, andµ is the reduced mass of the system.

Following the analysis of [18], the potentialV may be written as

V (x, k̂j ′j k̂jj )= V0(x)P0(k̂j ′j k̂jj )+ V2(x)P2(k̂j ′j k̂jj ), (52)

and the coupling matrix element is given by〈
j ′l′; J |V |j ′′l′′; J 〉= δj ′j ′′δl′l′′V0(x)+ f2(j

′l′, j ′′l′′;J )V2(x), (53)

where thef2 coefficients can be obtained from formulas given by Bernstein et al. [26] andk̂j ′j is a unit vector
parallel to the wave vectorkj ′j andPi, i = 0,2 are Legendre polynomials (see for details [26]). The boundary
conditions may then be written as (see [18])

y
Jjl

j ′l′ (x)= 0 atx = 0, (54)

y
Jjl

j ′l′ (x)∼ δjj ′δll′ exp
[−i(kjj x − 1

2lπ
)]−( ki

kj

)1/2

SJ (j l; j ′l′)exp
[
i
(
kj ′j x − 1

2l
′π
)]
, (55)

where the scatteringS matrix is related to theK matrix of (48) by the relation

S= (I + iK )(I − iK )−1. (56)

The calculation of the cross sections for rotational excitation of molecular hydrogen by impact of various heavy
particles requires the existence of the numerical method for step-by-step integration from the initial value to
matching points.

In our numerical test we choose theS matrix which is calculated using the following parameters

2µ

h̄2 = 1000.0,
µ

I
= 2.351, E = 1.1,

V0(x)= 1

x12 − 2
1

x6 , V2(x)= 0.2283V0(x).

As is described in [18], we takeJ = 6 and consider excitation of the rotator from thej = 0 state to levels up
to j ′ = 2,4 and 6 giving sets offour, nine and sixteen coupled differential equations, respectively. Following
Bernstein [27] and Allison [18] the reduction of the interval[0,∞) to [0, x0] is obtained. The wavefunctions are
then vanished in this region and consequently the boundary condition (54) may be written as

y
Jjl

j ′l′ (x0)= 0. (57)
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Table 1
RTC (real time of computation (in seconds)) to calculate|S|2 for the variable-step methods (1)–(4).acc = 10−6. hmax is the maximum stepsize

Method N hmax RTC

Iterative Numerov [18] 4 0.014 3.25

9 0.014 23.51

16 0.014 99.15

Variable-step method of Raptis and Cash [14] 4 0.056 1.55

9 0.056 8.43

16 0.056 43.32

Variable-step method of Simos [19] 4 0.056 1.05

9 0.056 5.25

16 0.056 27.15

Variable-step method of Simos [24] 4 0.448 0.37

9 0.448 3.22

16 0.448 14.22

Variable-step method of Simos [28] 4 0.448 0.35

9 0.448 1.38

16 0.448 6.51

New variable-step method 4 0.896 0.08

9 0.896 0.54

16 0.896 3.11

For the numerical solution of this problem we have used
(1) the well-known Iterative Numerov method of Allison [18],
(2) the variable-step method of Raptis and Cash [14],
(3) the variable-step method of Simos [19] and
(4) the variable-step exponentially-fitted method of Simos [24],
(5) the embedded variable-step method of Simos [28] and
(6) the new embedded variable-step exponentially-fitted method.
In Table 1 we present the real time of computation required by the methods mentioned above to calculate the

square of the modulus of theS matrix for sets of 4, 9 and 16 coupled differential equations. In Table 1N indicates
the number of equations of the set of coupled differential equations.

All computations were carried out on an Pentium PC using double precision arithmetic of 16 digits accuracy.

6. Conclusions

In this paper an eighth algebraic order exponentially-fitted method is developed. Based on this method and on
the sixth algebraic order exponentially-fitted method of Simos [17] a new variable-step method is obtained. The
application of the new variable-step algorithm to the systems of 4, 9 and 16 coupled differential equations arising
from the Schrödinger equation indicate that this new algorithm is much more computationally efficient than other
known and efficient methods.
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Appendix A

q1=
(−486w3 sinh(T1)+ 18000 cosh(T3)+ 1179w2cosh(T6)+ 3960wsinh(T3)

− 18000 cosh(T4)− 6120 cosh(T5)+ 4572wsinh(T5)− 1080
√

21cosh(T2)

− 3321w2 cosh(T2)+ 114w3 sinh(T6)− 11880 cosh(T2)− 1179w2cosh(T5)

+ 3321w2cosh(T1)+ 1080
√

21cosh(T6)− 9828wsinh(T1)+ 4572wsinh(T6)

− 9828wsinh(T2)+ 300w3 sinh(T3)+ 300w3 sinh(T4)+ 1080
√

21cosh(T5)

+ 114w3 sinh(T5)− 486w3 sinh(T2)+ 4500w2cosh(T3)− 4500w2cosh(T4)

+ 3960wsinh(T4)− 1080
√

21cosh(T1)+ 6120 cosh(T6)+ 11880 cosh(T1)

− 1548w
√

21sinh(T2)− 960w
√

21sinh(T3)− 711w2
√

21cosh(T2)

+ 450w2
√

21cosh(T4)+ 450w2
√

21cosh(T3)+ 1548w
√

21sinh(T1)

− 948w
√

21sinh(T5)+ 948w
√

21sinh(T6)+ 960w
√

21sinh(T4)

− 200w3
√

21sinh(T4)+ 200w3
√

21sinh(T3)+ 26w3
√

21sinh(T6)

− 126w3
√

21sinh(T2)+ 261w2
√

21cosh(T5)+ 126w3
√

21sinh(T1)

− 711w2
√

21cosh(T1)+ 261w2
√

21cosh(T6)− 26w3
√

21sinh(T5)
)
/(−63w3 sinh(T1)+ 11880 cosh(T3)+ 324wsinh(T3)− 11880 cosh(T4)

− 1080
√

21cosh(T2)+ 1080
√

21cosh(T3)+ 1080
√

21cosh(T4)+ 414w2 cosh(T2)

− 6120 cosh(T2)− 414w2 cosh(T1)+ 324wsinh(T1)+ 324w sinh(T2)− 63w3 sinh(T3)

− 63w3 sinh(T4)− 63w3 sinh(T2)− 486w2cosh(T3)+ 486w2 cosh(T4)

+ 324wsinh(T4)− 1080
√

21cosh(T1)+ 6120 cosh(T1)− 84w
√

21sinh(T2)

+ 684w
√

21sinh(T3)+ 126w2
√

21cosh(T2)− 126w2
√

21cosh(T4)

− 126w2
√

21cosh(T3)+ 84w
√

21sinh(T1)− 684w
√

21sinh(T4)

+ 33w3
√

21sinh(T4)− 33w3
√

21sinh(T3)− 17w3
√

21sinh(T2)+ 17w3
√

21sinh(T1)

+ 126w2
√

21cosh(T1)
)
,

T1= 1
6w (9+ 2

√
21),

T2= 1
6w (−9+ 2

√
21),

T3= 1
6w (2

√
21− 3),

T4= 1
6w (2

√
21+ 3),

T5= 1
6w (15+ 2

√
21),

T6= 1
6w (−15+ 2

√
21),

t0=
(
1062w3sinh(T7)+ 2592 cosh(T9)− 4608wsinh(T9)− 2592 cosh(T10)

+ 1728
√

21cosh(T8)− 1728
√

21cosh(T9)− 1728
√

21cosh(T10)+ 5526w2cosh(T8)

+ 2592 cosh(T8)− 5526w2cosh(T7)+ 9792wsinh(T7)+ 9792wsinh(T8)

− 6138w3sinh(T9)− 6138w3sinh(T10)+ 1062w3 sinh(T8)− 8874w2cosh(T9)

+ 8874w2cosh(T10)− 4608wsinh(T10)+ 1728
√

21cosh(T7)− 2592 cosh(T7)
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− 33w5
√

21sinh(T9)+ 17w5
√

21sinh(T7)+ 33w5
√

21sinh(T10)

− 284w4
√

21cosh(T10)− 284w4
√

21cosh(T9)− 16w4
√

21cosh(T8)

− 16w4
√

21cosh(T7)− 17w5
√

21sinh(T8)− 1074w4cosh(T9)+ 1074w4cosh(T10)

− 63w5 sinh(T7)− 63w5 sinh(T8)+ 174w4 cosh(T7)− 63w5 sinh(T9)− 63w5 sinh(T10)

− 174w4cosh(T8)+ 1728w
√

21sinh(T8)− 1728w
√

21sinh(T9)

+ 984w2
√

21cosh(T8)− 984w2
√

21cosh(T10)− 984w2
√

21cosh(T9)

− 1728w
√

21sinh(T7)+ 1728w
√

21sinh(T10)+ 558w3
√

21sinh(T10)

− 558w3
√

21sinh(T9)+ 258w3
√

21sinh(T8)− 258w3
√

21sinh(T7)

+ 984w2
√

21cosh(T7)
)
/
(
w4(−63w3 sinh(T7)+ 11880 cosh(T9)+ 324wsinh(T9)

− 11880 cosh(T10)− 1080
√

21cosh(T8)+ 1080
√

21cosh(T9)+ 1080
√

21cosh(T10)

+ 414w2cosh(T8)− 6120 cosh(T8)− 414w2 cosh(T7)+ 324wsinh(T7)

+ 324wsinh(T8)− 63w3 sinh(T9)− 63w3 sinh(T10)− 63w3 sinh(T8)− 486w2 cosh(T9)

+ 486w2 cosh(T10)+ 324wsinh(T10)− 1080
√

21cosh(T7)+ 6120 cosh(T7)

− 84w
√

21sinh(T8)+ 684w
√

21sinh(T9)+ 126w2
√

21cosh(T8)

− 126w2
√

21cosh(T10)− 126w2
√

21cosh(T9)+ 84w
√

21sinh(T7)

− 684w
√

21sinh(T10)+ 33w3
√

21sinh(T10)− 33w3
√

21sinh(T9)− 17w3
√

21sinh(T8)

+ 17w3
√

21sinh(T7)+ 126w2
√

21cosh(T7))
)
,

T7= 1
6w (9+ 2

√
21),

T8= 1
6w (−9+ 2

√
21),

T9= 1
6w (2

√
21− 3),

T10= 1
6w (2

√
21+ 3),

t1=−
(
6894w3sinh(T11)− 43200 cosh(T13)+ 38w5

√
21sinh(T15)

− 141w4
√

21cosh(T15)+ 141w4
√

21cosh(T16)+ 182w5 sinh(T16)+ 599w4cosh(T16)

+ 599w4 cosh(T15)+ 38w5
√

21sinh(T16)− 182w5 sinh(T15)− 2454w2cosh(T16)

−8640wsinh(T13)− 43200 cosh(T14)+ 14688 cosh(T15)− 12096wsinh(T15)

+ 2592
√

21cosh(T12)+ 11754w2cosh(T12)− 1806w3sinh(T16)+ 28512 cosh(T12)

− 2454w2cosh(T15)+ 11754w2cosh(T11)+ 2592
√

21cosh(T16)− 31104wsinh(T11)

+ 12096wsinh(T16)+ 31104wsinh(T12)− 13920w3sinh(T13)+ 13920w3sinh(T14)

− 2592
√

21cosh(T15)+ 1806w3sinh(T15)− 6894w3 sinh(T12)− 9300w2cosh(T13)

− 9300w2 cosh(T14)+ 8640wsinh(T14)− 2592
√

21cosh(T11)+ 14688 cosh(T16)

+ 28512 cosh(T11)+ 100w5
√

21sinh(T13)− 162w5
√

21sinh(T11)+ 100w5
√

21sinh(T14)

− 1500w4
√

21cosh(T14)+ 1500w4
√

21cosh(T13)− 1359w4
√

21cosh(T12)

+ 1359w4
√

21cosh(T11)− 162w5
√

21sinh(T12)− 1850w4cosh(T13)− 1850w4cosh(T14)

+ 882w5 sinh(T11)− 882w5 sinh(T12)− 5949w4 cosh(T11)+ 1400w5sinh(T13)

− 1400w5 sinh(T14)− 5949w4cosh(T12)+ 8064w
√

21sinh(T12)− 960w
√

21sinh(T13)
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+ 4014w2
√

21cosh(T12)+ 4800w2
√

21cosh(T14)− 4800w2
√

21cosh(T13)

+ 8064w
√

21sinh(T11)+ 3264w
√

21sinh(T15)+ 3264w
√

21sinh(T16)

− 960w
√

21sinh(T14)− 6180w3
√

21sinh(T14)− 6180w3
√

21sinh(T13)

− 354w3
√

21sinh(T16)− 2754w3
√

21sinh(T12)+ 786w2
√

21cosh(T15)

− 2754w3
√

21sinh(T11)− 4014w2
√

21cosh(T11)− 786w2
√

21cosh(T16)

− 354w3
√

21sinh(T15)
)
/
(
w4(−119w3sinh(T11)− 7560 cosh(T13)− 4788wsinh(T13)

− 7560 cosh(T14)+ 2040
√

21cosh(T12)− 3960
√

21cosh(T13)+ 3960
√

21cosh(T14)

− 882w2 cosh(T12)+ 7560 cosh(T12)− 882w2 cosh(T11)− 588wsinh(T11)

+ 588wsinh(T12)+ 231w3 sinh(T13)− 231w3 sinh(T14)+ 119w3 sinh(T12)

+ 882w2 cosh(T13)+ 882w2 cosh(T14)+ 4788wsinh(T14)− 2040
√

21cosh(T11)

+ 7560 cosh(T11)− 108w
√

21sinh(T12)− 108w
√

21sinh(T13)− 138w2
√

21cosh(T12)

− 162w2
√

21cosh(T14)+ 162w2
√

21cosh(T13)− 108w
√

21sinh(T11)

− 108w
√

21sinh(T14)+ 21w3
√

21sinh(T14)+ 21w3
√

21sinh(T13)+ 21w3
√

21sinh(T12)

+ 21w3
√

21sinh(T11)+ 138w2
√

21cosh(T11))
)
,

T11= 1
6w (9+ 2

√
21),

T12= 1
6w (−9+ 2

√
21),

T13= 1
6w (2

√
21− 3),

T14= 1
6w (2

√
21+ 3),

T15= 1
6w (15+ 2

√
21),

T16= 1
6w (−15+ 2

√
21),

t2=−18
(
432 cosh(3

2w)− 144 cosh(5
2w)+ 216w3 sinh(1

2w)− 288 cosh(1
2w)

− 288w sinh(3
2w)−w4 cosh(5

2w)+ 72w3 sinh(3
2w)+ 15w2 cosh(5

2w)− 9w2 cosh(3
2w)

− 9w4 cosh(3
2w)− 6 cosh(1

2w)w
2+ 864 sinh(1

2w)w+ 46w4 cosh(1
2w)

)
/(

w4(−119w3 sinh(T17)− 7560 cosh(T19)− 4788wsinh(T19)− 7560 cosh(T20)

+ 2040
√

21cosh(T18)− 3960
√

21cosh(T19)+ 3960
√

21cosh(T20)− 882w2cosh(T18)

+ 7560 cosh(T18)− 882w2cosh(T17)− 588wsinh(T17)+ 588wsinh(T18)

+ 231w3 sinh(T19)− 231w3 sinh(T20)+ 119w3 sinh(T18)+ 882w2cosh(T19)

+ 882w2 cosh(T20)+ 4788wsinh(T20)− 2040
√

21cosh(T17)+ 7560 cosh(T17)

− 108w
√

21sinh(T18)− 108w
√

21sinh(T19)− 138w2
√

21cosh(T18)

− 162w2
√

21cosh(T20)+ 162w2
√

21cosh(T19)− 108w
√

21sinh(T17)

− 108w
√

21sinh(T20)+ 21w3
√

21sinh(T20)+ 21w3
√

21sinh(T19)+ 21w3
√

21sinh(T18)

+ 21w3
√

21sinh(T17)+ 138w2
√

21cosh(T17))
)
,

T17= 1
6w (9+ 2

√
21),

T18= 1
6w (−9+ 2

√
21),

T19= 1
6w (2

√
21− 3),
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T20= 1
6w (2

√
21+ 3),

t3= 32
(
324 cosh(T26)+ 216 cosh(1

3w
√

21)
√

21+ 28w4 cosh(1
3w
√

21)
√

21

+ 42 cosh(1
3w
√

21)
√

21w2+ 882w3sinh(1
3w
√

21)− 72 sinh(1
3w
√

21)w

− 21
√

21w2 cosh(T26)− 21
√

21w2 cosh(T25)+ 108w
√

21sinh(T26)

− 108w
√

21sinh(T25)+ 10w4
√

21cosh(T26)+ 10w4
√

21cosh(T25)

− 27w3
√

21sinh(T26)+ 27w3
√

21sinh(T25)+ 99w2 cosh(T26)− 99w2 cosh(T25)

− 108
√

21cosh(T26)− 108
√

21cosh(T25)+ 153w3 sinh(T26)− 42w4 cosh(T26)

+ 42w4 cosh(T25)+ 153w3 sinh(T25)− 612wsinh(T26)− 612wsinh(T25)− 324 cosh(T25)
)
/(

w4(−63w3 sinh(T21)+ 11880 cosh(T23)+ 324wsinh(T23)− 11880 cosh(T24)

− 1080
√

21cosh(T22)+ 1080
√

21cosh(T23)+ 1080
√

21cosh(T24)+ 414w2cosh(T22)

− 6120 cosh(T22)− 414w2 cosh(T21)+ 324wsinh(T21)+ 324wsinh(T22)− 63w3 sinh(T23)

− 63w3 sinh(T24)− 63w3 sinh(T22)− 486w2cosh(T23)+ 486w2cosh(T24)

+ 324wsinh(T24)− 1080
√

21cosh(T21)+ 6120 cosh(T21)− 84w
√

21sinh(T22)

+ 684w
√

21sinh(T23)+ 126w2
√

21cosh(T22)− 126w2
√

21cosh(T24)

− 126w2
√

21cosh(T23)+ 84w
√

21sinh(T21)− 684w
√

21sinh(T24)

+ 33w3
√

21sinh(T24)− 33w3
√

21sinh(T23)− 17w3
√

21sinh(T22)+ 17w3
√

21sinh(T21)

+ 126w2
√

21cosh(T21))
)
,

T21= 1
6w (9+ 2

√
21),

T22= 1
6w (−9+ 2

√
21),

T23= 1
6w (2

√
21− 3),

T24= 1
6w (2

√
21+ 3),

T25= 1
3w (−6+√21),

T26= 1
3w (6+

√
21). (58)

Appendix B

q1=−2− 41

203212800
w10+ 29693

2703868231680
w12− 25036829

39368321453260800
w14+ · · · ,

t0= 11

560
− 41

112896
w2− 52681

12517908480
w4+ 1018207991

984208036331520
w6− 9589567003

122479222299033600
w8

+ 39035969395583

8550682772769865728000
w10− 168903180855390896711

716297946853922960880697344000
w12

+ 4832018927488114120127

417171924247724732416918133145600
w14+ · · · ,

t1= 326

735
− 41

32928
w2− 355753

3651056640
w4− 1549241257

287060677263360
w6− 136765543891

321507958534963200
w8

+ 15775682947969709

606029641520064233472000
w10− 343004047144453960103

208920234499060863590203392000
w12
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+ 1600153234280837955899

18435627965492885902262796288000
w14+ · · · ,

t2=− 9

19600
+ 123

2195200
w2− 70283

16226918400
w4+ 1736345993

6379126161408000
w6

− 65306657723

4286772780466176000
w8+ 32313479393985497

40401976101337615564800000
w10

− 2240625777206516309

54619669150081271526850560000
w12+ 86306291395759665110351

40558381524084348984978151833600000
w14+ · · · ,

t3= 136

525
+ 41

44100
w2+ 55997

977961600
w4+ 48641363

34950569472000
w6− 5688784027

28706067726336000
w8

+ 3904144288624633

270548947107171532800000
w10− 46734209227376971373

55960777097962731318804480000
w12

+ 35155349956079433349517

814788914546337368001793228800000
w14+ · · · . (59)

Appendix C

a0=− 1
18

(
24
√

21w2 cosh(T2)− 24
√

21w2 cosh(T1)+ 18w
√

21sinh(T2)

+ 18w
√

21sinh(T1)− 21w3 sinh(T2)+ 21w3 sinh(T1)− 126w2 cosh(T2)

− 126w2 cosh(T1)+ 7
√

21w3 sinh(T2)+ 7
√

21w3 sinh(T1)− 126wsinh(T2)

+ 126wsinh(T1)+ 18
√

21cosh(T2)− 18
√

21cosh(T1)
)
/(

5w2+w2 cosh(2w)+ 3− 3 cosh(2w)
)
,

T1= 1
3w (−3+√21

)
,

T2= 1
3w (3+

√
21
)
,

a1= 1
18

(−18
√

21cosh(T4)+ 36wsinh(1
3w
√

21)
√

21− 15
√

21w2 cosh(T4)

+ 18w
√

21sinh(T4)+ 18w
√

21sinh(T3)− 10w3
√

21sinh(T3)− 10w3
√

21sinh(T4)

+ 15
√

21w2 cosh(T3)+ 42w3 sinh(T3)+ 12w3 sinh(1
3w
√

21)
√

21− 42w3 sinh(T4)

− 126wsinh(T3)+ 126wsinh(T4)+ 18
√

21cosh(T3)+ 108 cosh(1
3w
√

21)

− 54 cosh(T3)− 54 cosh(T4)− 198 cosh(1
3w
√

21)w2− 45w2 cosh(T4)− 45w2 cosh(T3)
)
/(

5w2+w2 cosh(2w)+ 3− 3 cosh(2w)
)
,

T3= 1
3w (6+

√
21
)
,

T4= 1
3w (−6+√21

)
,

a2= 1
18

(−21w sinh(1
3w (3+

√
21))+ 21w sinh(1

3w (−3+√21))

− 4
√

21cosh(1
3w (3+

√
21))+ 4

√
21cosh(1

3w (−3+√21))+ 7w
√

21sinh(1
3w (3+

√
21))

+ 7w
√

21sinh(1
3w (−3+√21))

)
/
(
5w2+w2 cosh(2w)+ 3− 3 cosh(2w)

)
,

a3=− 1
18

(−10w
√

21sinh(T6)− 10w
√

21sinh(T5)+ 12w sinh(1
3w
√

21)
√

21

− 13
√

21cosh(T6)+ 13
√

21cosh(T5)+ 42wsinh(T6)− 42w sinh(T5)

− 126 cosh(1
3w
√

21)+ 63 cosh(T6)+ 63 cosh(T5)
)
/
(
5w2+w2 cosh(2w)+ 3− 3 cosh(2w)

)
,
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T5= 1
3w (−6+√21),

T6= 1
3w (6+

√
21), (60)

b0= 1
6

(
3w sinh(1

3w (3+
√

21))+ 3w sinh(1
3w (−3+√21))+ 6 cosh(1

3w (3+
√

21))

− 6 cosh(1
3w (−3+√21))−w√21sinh(1

3w (3+
√

21))+w√21sinh(1
3w (−3+√21))

)
/(−1+ cosh(2w)
)
,

b1=−1
6

(
3 sinh(1

3w (3+
√

21))+ 3 sinh(1
3w (−3+√21))−√21sinh(1

3w (3+
√

21))

+√21sinh(1
3w (−3+√21))

)
/
(
w (−1+ cosh(2w))

)
. (61)

Appendix D

a0= 49

81
− 224

729
w2− 20

729
w4− 5704

22733865
w6− 93838

18619035435
w8− 10784

451153550925
w10

+ 403496356

69095519784816525
w12− 178405115344

413536685912126902125
w14+ · · · ,

a1= 64

81
+ 448

729
w2+ 40

729
w4+ 11408

22733865
w6− 2308711

7447614174
w8− 13709449

902307101850
w10

− 19619622719

44221132662282576
w12− 6934169136149

827073371824253804250
w14+ · · · ,

a2= 98

243
+ 56

2187
w2+ 4

10935
w4+ 8

13640319
w6+ 44816

279285531525
w8

− 143368

17594988486075
w10+ 368000824

1036432796772247875
w12− 15304688096

1240610057736380706375
w14+ · · · ,

a3= 224

243
+ 560

2187
w2+ 292

10935
w4+ 20870

13640319
w6+ 53514947

1117142126100
w8

+ 30201449

28151981577720
w10+ 39208407053

2551219192054764000
w12+ 36142895623

244304749831164200640
w14+ · · · ,

b0= 1

3

√
21− 8

25515
w6
√

21+ 2

45927
w8
√

21− 32

5412825
w10
√

21

+ 2788

3723807087
w12
√

21− 3632

39897933075
w14
√

21+ · · · ,

b1= 2

27

√
21+ 4

8505
w4
√

21− 8

137781
w6
√

21+ 8

1082565
w8
√

21

− 5576

6206345145
w10
√

21+ 1816

17099114175
w12
√

21− 1472

119693799225
w14
√

21+ · · · . (62)

Appendix E

c0= 1
32

(
2124w3 sinh(S3)+ 5184 cosh(S5)+ 2016wsinh(S5)− 5184 cosh(S6)

− 1728
√

21cosh(S4)+ 1728
√

21cosh(S5)+ 1728
√

21cosh(S6)+ 2664w2cosh(S4)

− 5184 cosh(S4)− 2664w2cosh(S3)− 7200wsinh(S3)− 7200wsinh(S4)

+ 3276w3sinh(S5)+ 3276w3sinh(S6)+ 2124w3sinh(S4)− 7272w2cosh(S5)
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+ 7272w2cosh(S6)+ 2016wsinh(S6)− 1728
√

21cosh(S3)+ 5184 cosh(S3)

− 33w5
√

21sinh(S5)+ 17w5
√

21sinh(S3)+ 33w5
√

21sinh(S6)

+ 146w4
√

21cosh(S6)+ 146w4
√

21cosh(S5)+ 46w4
√

21cosh(S4)

+ 46w4
√

21cosh(S3)− 17w5
√

21sinh(S4)− 150w4 cosh(S5)+ 150w4 cosh(S6)

− 63w5 sinh(S3)− 63w5 sinh(S4)− 78w4 cosh(S3)− 63w5 sinh(S5)− 63w5 sinh(S6)

+ 78w4 cosh(S4)− 864w
√

21sinh(S4)− 864w
√

21sinh(S5)+ 312w2
√

21cosh(S4)

− 312w2
√

21cosh(S6)− 312w2
√

21cosh(S5)+ 864w
√

21sinh(S3)

+ 864w
√

21sinh(S6)− 36w3
√

21sinh(S6)+ 36w3
√

21sinh(S5)

+ 420w3
√

21sinh(S4)− 420w3
√

21sinh(S3)+ 312w2
√

21cosh(S3)
)
/
(
324 cosh(S2)

+ 216 cosh(1
3w
√

21)
√

21+ 28w4 cosh(1
3w
√

21)
√

21+ 42 cosh(1
3w
√

21)
√

21w2

+ 882w3 sinh(1
3w
√

21)− 72 sinh(1
3w
√

21)w− 21
√

21w2 cosh(S2)

− 21
√

21w2 cosh(S1)+ 108w
√

21sinh(S2)− 108w
√

21sinh(S1)

+ 10w4
√

21cosh(S2)+ 10w4
√

21cosh(S1)− 27w3
√

21sinh(S2)+ 27w3
√

21sinh(S1)

+ 99w2 cosh(S2)− 99w2 cosh(S1)− 108
√

21cosh(S2)− 108
√

21cosh(S1)

+ 153w3 sinh(S2)− 42w4 cosh(S2)+ 42w4 cosh(S1)+ 153w3 sinh(S1)

− 612wsinh(S2)− 612wsinh(S1)− 324 cosh(S1)
)
,

S1= 1
3w (−6+√21),

S2= 1
3w (6+

√
21),

S3= 1
6w (9+ 2

√
21),

S4= 1
6w (−9+ 2

√
21),

S5= 1
6w (2

√
21− 3),

S6= 1
6w (2

√
21+ 3),

c1=− 1
32

(−6372w3sinh(S11)− 10368 cosh(S13)+ 26w5
√

21sinh(S9)

− 181w4
√

21cosh(S9)− 181w4
√

21cosh(S10)− 114w5 sinh(S10)− 843w4cosh(S10)

+ 843w4 cosh(S9)− 26w5
√

21sinh(S10)− 114w5 sinh(S9)+ 7128w2cosh(S10)

− 2880wsinh(S13)+ 10368 cosh(S14)− 5184 cosh(S9)+ 12384wsinh(S9)

+ 5184
√

21cosh(S12)− 6912
√

21cosh(S13)− 6912
√

21cosh(S14)− 7992w2cosh(S12)

− 324w3 sinh(S10)+ 15552 cosh(S12)− 7128w2cosh(S9)+ 7992w2cosh(S11)

+ 1728
√

21cosh(S10)+ 21600wsinh(S11)+ 12384wsinh(S10)+ 21600wsinh(S12)

− 20520w3sinh(S13)− 20520w3sinh(S14)+ 1728
√

21cosh(S9)− 324w3 sinh(S9)

− 6372w3sinh(S12)+ 15120w2cosh(S13)− 15120w2cosh(S14)− 2880wsinh(S14)

+ 5184
√

21cosh(S11)+ 5184 cosh(S10)− 15552 cosh(S11)− 200w5
√

21sinh(S13)

− 126w5
√

21sinh(S11)+ 200w5
√

21sinh(S14)− 1058w4
√

21cosh(S14)

− 1058w4
√

21cosh(S13)+ 87w4
√

21cosh(S12)+ 87w4
√

21cosh(S11)

+ 126w5
√

21sinh(S12)− 6612w4cosh(S13)+ 6612w4 cosh(S14)+ 486w5 sinh(S11)
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+ 486w5 sinh(S12)− 1161w4cosh(S11)− 300w5 sinh(S13)− 300w5 sinh(S14)

+ 1161w4cosh(S12)+ 2592w
√

21sinh(S12)− 936w2
√

21cosh(S12)

− 480w2
√

21cosh(S14)− 480w2
√

21cosh(S13)− 2592w
√

21sinh(S11)

− 2592w
√

21sinh(S9)+ 2592w
√

21sinh(S10)+ 480w3
√

21sinh(S14)

− 480w3
√

21sinh(S13)− 12w3
√

21sinh(S10)− 1260w3
√

21sinh(S12)

+ 1416w2
√

21cosh(S9)+ 1260w3
√

21sinh(S11)− 936w2
√

21cosh(S11)

+ 1416w2
√

21cosh(S10)+ 12w3
√

21sinh(S9)
)
/
(
324 cosh(S8)

+ 216 cosh(1
3w
√

21)
√

21+ 28w4 cosh(1
3w
√

21)
√

21+ 42 cosh(1
3w
√

21)
√

21w2

+ 882w3 sinh(1
3w
√

21)− 72 sinh(1
3w
√

21)w− 21
√

21w2 cosh(S8)

− 21
√

21w2 cosh(S7)+ 108w
√

21sinh(S8)− 108w
√

21sinh(S7)

+ 10w4
√

21cosh(S8)+ 10w4
√

21cosh(S7)− 27w3
√

21sinh(S8)+ 27w3
√

21sinh(S7)

+ 99w2 cosh(S8)− 99w2 cosh(S7)− 108
√

21cosh(S8)− 108
√

21cosh(S7)

+ 153w3 sinh(S8)− 42w4 cosh(S8)+ 42w4 cosh(S7)+ 153w3 sinh(S7)

− 612wsinh(S8)− 612wsinh(S7)− 324 cosh(S7)
)
,

S7= 1
3w (−6+√21),

S8= 1
3w (6+

√
21),

S9= 1
6 w (15+ 2

√
21),

S10= 1
6w (−15+ 2

√
21),

S11= 1
6w (9+ 2

√
21),

S12= 1
6w (−9+ 2

√
21),

S13= 1
6w (2

√
21− 3),

S14= 1
6w (2

√
21+ 3),

c2=− 1
32

(−63w3 sinh(S17)+ 486 cosh(S19)+ 846w sinh(S19)− 486 cosh(S20)

− 216
√

21cosh(S18)+ 216
√

21cosh(S19)+ 216
√

21cosh(S20)− 510w2cosh(S18)

− 378 cosh(S18)+ 510w2 cosh(S17)− 1170wsinh(S17)− 1170wsinh(S18)

− 63w3 sinh(S19)− 63w3 sinh(S20)− 63w3 sinh(S18)− 738w2cosh(S19)

+ 738w2cosh(S20)+ 846wsinh(S20)− 216
√

21cosh(S17)+ 378 cosh(S17)

− 198w
√

21sinh(S18)− 54w
√

21sinh(S19)− 96w2
√

21cosh(S18)− 12w2
√

21cosh(S20)

− 12w2
√

21cosh(S19)+ 198w
√

21sinh(S17)+ 54w
√

21sinh(S20)+ 33w3
√

21sinh(S20)

− 33w3
√

21sinh(S19)− 17w3
√

21sinh(S18)+ 17w3
√

21sinh(S17)− 96w2
√

21cosh(S17)
)
/(

324 cosh(S16)+ 216 cosh(1
3w
√

21)
√

21+ 28w4 cosh(1
3w
√

21)
√

21

+ 42 cosh(1
3w
√

21)
√

21w2+ 882w3 sinh(1
3w
√

21)− 72 sinh(1
3w
√

21)w

− 21
√

21w2 cosh(S16)− 21
√

21w2 cosh(S15)+ 108w
√

21sinh(S16)

− 108w
√

21sinh(S15)+ 10w4
√

21cosh(S16)+ 10w4
√

21cosh(S15)
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− 27w3
√

21sinh(S16)+ 27w3
√

21sinh(S15)+ 99w2 cosh(S16)− 99w2 cosh(S15)

− 108
√

21cosh(S16)− 108
√

21cosh(S15)+ 153w3 sinh(S16)− 42w4 cosh(S16)

+ 42w4 cosh(S15)+ 153w3 sinh(S15)− 612wsinh(S16)− 612wsinh(S15)− 324 cosh(S15)
)
,

S15= 1
3w (−6+√21),

S16= 1
3w (6+

√
21),

S17= 1
6w (9+ 2

√
21),

S18= 1
6w (−9+ 2

√
21),

S19= 1
6w (2

√
21− 3),

S20= 1
6w (2

√
21+ 3),

c3=− 1
32

(
882w3 sinh(S25)− 5940 cosh(S27)+ 39w2 cosh(S24)+ 5760wsinh(S27)

− 5940 cosh(S28)− 1782 cosh(S23)+ 1638wsinh(S23)+ 1134
√

21cosh(S26)

− 1440
√

21cosh(S27)+ 1440
√

21cosh(S28)− 1581w2 cosh(S26)+ 182w3 sinh(S24)

+ 7722 cosh(S26)+ 39w2 cosh(S23)− 1581w2cosh(S25)− 306
√

21cosh(S24)

− 2970wsinh(S25)− 1638wsinh(S24)+ 2970wsinh(S26)+ 1400w3sinh(S27)

− 1400w3 sinh(S28)+ 306
√

21cosh(S23)− 182w3 sinh(S23)− 882w3 sinh(S26)

+ 2406w2cosh(S27)+ 2406w2cosh(S28)− 5760wsinh(S28)− 1134
√

21cosh(S25)

− 1782 cosh(S24)+ 7722 cosh(S25)+ 1302w
√

21sinh(S26)− 660w
√

21sinh(S27)

− 639w2
√

21cosh(S26)− 2204w2
√

21cosh(S28)+ 2204w2
√

21cosh(S27)

+ 1302w
√

21sinh(S25)− 426w
√

21sinh(S23)− 426w
√

21sinh(S24)

− 660w
√

21sinh(S28)+ 100w3
√

21sinh(S28)+ 100w3
√

21sinh(S27)

+ 38w3
√

21sinh(S24)− 162w3
√

21sinh(S26)− 29w2
√

21cosh(S23)

− 162w3
√

21sinh(S25)+ 639w2
√

21cosh(S25)+ 29w2
√

21cosh(S24)

+ 38w3
√

21sinh(S23)
)
/
(−24wsinh(1

3w
√

21)
√

21+ 294w3sinh(1
3w
√

21)
√

21

− 756 cosh(S22)+ 1512 cosh(1
3w
√

21)+ 196w4 cosh(1
3w
√

21)+ 294 cosh(1
3w
√

21)w2

+ 33
√

21w2 cosh(S22)− 33
√

21w2 cosh(S21)− 204w
√

21sinh(S22)

− 204w
√

21sinh(S21)− 14w4
√

21cosh(S22)+ 14w4
√

21cosh(S21)

+ 51w3
√

21sinh(S22)+ 51w3
√

21sinh(S21)− 147w2 cosh(S22)− 147w2cosh(S21)

+ 108
√

21cosh(S22)− 108
√

21cosh(S21)− 189w3 sinh(S22)+ 70w4 cosh(S22)

+ 70w4 cosh(S21)+ 189w3 sinh(S21)+ 756wsinh(S22)− 756wsinh(S21)− 756 cosh(S21)
)
,

S21= 1
3w (−6+√21),

S22= 1
3w (6+

√
21),

S23= 1
6 w (15+ 2

√
21),

S24= 1
6w (−15+ 2

√
21),

S25= 1
6w (9+ 2

√
21),
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S26= 1
6w (−9+ 2

√
21),

S27= 1
6w (2

√
21− 3),

S28= 1
6w (2

√
21+ 3),

c4=− 9
16

(−w2 cosh(5
2w)− 9w2 cosh(3

2w)− 24w sinh(3
2w)+ 15 cosh(5

2w)

− 72 sinh(1
2w)w− 9 cosh(3

2w)− 6 cosh(1
2w)+ 46 cosh(1

2w)w
2)/(− 24w sinh(1

3w
√

21)
√

21+ 294w3 sinh(1
3w
√

21)
√

21− 756 cosh(S30)

+ 1512 cosh(1
3w
√

21)+ 196w4 cosh(1
3w
√

21)+ 294 cosh(1
3w
√

21)w2

+ 33
√

21w2 cosh(S30)− 33
√

21w2 cosh(S29)− 204w
√

21sinh(S30)

− 204w
√

21sinh(S29)− 14w4
√

21cosh(S30)+ 14w4
√

21cosh(S29)

+ 51w3
√

21sinh(S30)+ 51w3
√

21sinh(S29)− 147w2 cosh(S30)− 147w2cosh(S29)

+ 108
√

21cosh(S30)− 108
√

21cosh(S29)− 189w3 sinh(S30)+ 70w4 cosh(S30)

+ 70w4 cosh(S29)+ 189w3 sinh(S29)+ 756wsinh(S30)− 756wsinh(S29)− 756 cosh(S29)
)
,

S29= 1
3w (−6+√21),

S30= 1
3w (6+

√
21),

d0=−1
8

(−3w2
√

21cosh(S33)+ 3w2
√

21cosh(S36)− 3w2
√

21cosh(S35)

− 8w
√

21sinh(S36)+ 8w
√

21sinh(S34)+ 8w
√

21sinh(S33)− 8w
√

21sinh(S35)

− 24
√

21cosh(S34)+ 72 cosh(S34)− 72 cosh(S33)+ 72 cosh(S35)− 72 cosh(S36)

+ 3w2
√

21cosh(S34)+ 8w sinh(S35)− 56wsinh(S36)− 24
√

21cosh(S36)

+ 33w2 cosh(S33)− 33w2 cosh(S35)+ 17w2 cosh(S36)− 17w2 cosh(S34)

+ 24
√

21cosh(S33)+ 24
√

21cosh(S35)− 56w sinh(S34)+ 8w sinh(S33)
)
/(

4 sinh(1
3w
√

21)w+ 10w sinh(S32)+ 10w sinh(S31)− 9 cosh(S32)+ 9 cosh(S31)

− 6 cosh(1
3w
√

21)
√

21+ 3
√

21cosh(S32)+ 3
√

21cosh(S31)− 2w
√

21sinh(S32)

+ 2w
√

21sinh(S31)
)
,

S31= 1
3w (−6+√21),

S32= 1
3w (6+

√
21),

S33= 1
6w (2

√
21+ 3),

S34= 1
6w (9+ 2

√
21),

S35= 1
6w (2

√
21− 3),

S36= 1
6w (−9+ 2

√
21),

d1= 1
8

(−3w2
√

21cosh(S39)+ 3w2
√

21cosh(S41)− 3w2
√

21cosh(S42)

+ 8w
√

21sinh(S41)− 8w
√

21sinh(S40)+ 24w
√

21sinh(S39)− 24w
√

21sinh(S42)

− 12 cosh(S40)+ 36 cosh(S39)− 36 cosh(S42)+ 12 cosh(S41)+ 3w2
√

21cosh(S40)

− 18wsinh(S42)+ 18w sinh(S41)+ 33w2 cosh(S39)− 33w2 cosh(S42)+ 17w2 cosh(S41)

− 17w2 cosh(S40)+ 18w sinh(S40)− 18wsinh(S39)
)
/
(
w2(4 sinh(1

3w
√

21)w
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+ 10wsinh(S38)+ 10w sinh(S37)− 9 cosh(S38)+ 9 cosh(S37)− 6 cosh(1
3w
√

21)
√

21

+ 3
√

21cosh(S38)+ 3
√

21cosh(S37)− 2w
√

21sinh(S38)+ 2w
√

21sinh(S37))
)
,

S37= 1
3w (−6+√21),

S38= 1
3w (6+

√
21),

S39= 1
6w (2

√
21+ 3),

S40= 1
6w (9+ 2

√
21),

S41= 1
6w (−9+ 2

√
21),

S42= 1
6w (2

√
21− 3),

d2= 3
4

(
22 sinh(1

2w)w+w sinh(5
2w)− 9w sinh(3

2w)+ 4 cosh(1
2w)+ 2 cosh(5

2w)− 6 cosh(3
2w)

)
/(

w2(4 sinh(1
3w
√

21)w+ 10w sinh(S44)+ 10w sinh(S43)− 9 cosh(S44)+ 9 cosh(S43)

− 6 cosh(1
3w
√

21)
√

21+ 3
√

21cosh(S44)+ 3
√

21cosh(S43)− 2w
√

21sinh(S44)

+ 2w
√

21sinh(S43))
)
,

S43= 1
3w (−6+√21),

S44= 1
3w (6+

√
21). (63)

Appendix F

c0= 451

4352
− 3211

1775616
w2− 2445823

47813787648
w4+ 4001907731

6145027988520960
w6

+ 597166167641357

1434102051849067560960
w8− 15449745768882434917

307184659506070271557632000
w10

+ 613771437522347047212407

157165501712409745177574375424000
w12

− 4393658945657064254276762749

17505722242735047056858944232226816000
w14+ · · · ,

c1= 3901

2176
+ 3211

887808
w2+ 2445823

23906893824
w4− 4001907731

3072513994260480
w6

− 597166167641357

717051025924533780480
w8− 164748346268375963

153592329753035135778816000
w10

245350378618576357297033

78582750856204872588787187712000
w12

− 2688115359648583042429394051

8752861121367523528429472116113408000
w14+ · · · ,

c2=− 3967

1044480
+ 93119

426147840
w2− 238457299

80327163248640
w4− 100832529217

210686673892147200
w6

+ 26473419115079029

481858289421286700482560
w8

− 5950569274099655743

1504577924111364595384320000
w10
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+ 63211306505625208566244139

264038042876848371898324950712320000
w12

− 8132174607689063497190745361

600196191179487327663735230819205120000
w14+ · · · ,

c3= 70211

456960
+ 266513

186439680
w2+ 1788502847

35143133921280
w4+ 524971765007

645227938794700800
w6

− 2262875218912381

42162600324362586292224
w8+ 46528191032221262831

32254389248137378513551360000
w10

+ 5600312588614821667047833

115516643758621162705517165936640000
w12

− 15484931228512156056520038289

1838100835487179940970189144383815680000
w14+ · · · ,

c4= 387

2437120
− 9633

331448320
w2+ 21513797

6941853614080
w4− 32352872623

127452432354508800
w6

+ 2229629828948647

124926223183296551976960
w8

− 21914159576560202597

19113712147044372452474880000
w10

+ 4801338409124497334900089

68454307412516244566232394629120000
w12

− 1526460980961731847559418719

363081646515986161179296621112852480000
w14+ · · · ,

d0= 1

2
− 61

92160
w6+ 283

1769472
w8− 137287

6688604160
w10+ 863953

706316599296
w12

+ 43731142691

385648863215616000
w14+ · · · ,

d1=− 47

512
+ 183

20480
w2+ 179

327680
w4− 6498257

22295347200
w6+ 1113076207

23543886643200
w8

− 1033277723411

257099242143744000
w10− 13597048809341

333200617818292224000
w12

+ 32427119523995353

432554983858655723520000
w14+ · · · ,

d2= 15

3584

√
21− 183

143360
w2
√

21+ 283

1376256
w4
√

21− 3010543

156067430400
w6
√

21

+ 3038527

10987147100160
w8
√

21+ 477793048211

1799694695006208000
w10
√

21

− 143327944745

2665604942546337792
w12
√

21+ 61509757733996239

11102244585705496903680000
w14
√

21+ · · · . (64)



T.E. Simos / Computer Physics Communications 125 (2000) 21–59 45

Appendix G

PROGRAM SUMMARY

Title of program(32 characters maximum): MAPLESIM

Catalogue identifier:ADLI

Program Summary URL:
http://cpc.cs.qub.ac.uk/summaries/ADLI

Program obtainable from:CPC Program Library, Queen’s Univer-
sity of Belfast, N. Ireland

Computer for which the program is designed and others on which it
has been tested:IBM Compatible Pentium

Operating systems or monitors under which the program has been
tested: DOS, Windows

Programming language used:Maple Language

Memory required to execute with typical data:words: 20 MBytes

No. of bits in a word:16

No. of processors used:1

Has the code been vectorized or parallelized?:No

No. of bytes in distributed program, including test data, etc.:16 462

Distribution format: default ASCII else uuencoded compressed tar
file

Keywords(descriptive of problem and method of solution): Maple
programming, construction of exponentially-fitted methods

Please enclose a summary (300 words maximum), under the follow-
ing headings:

Nature of physical problem
With the present program the derivation of the coefficients produced
by Eq. (14) is obtain. The first part of the proposed program con-
sists of the calculation of the matrix elements which form the coef-
ficients of the system of equations. The second part of the proposed
program, as this has been explained in [20,22,23], consists of the
iterative application of the L’Hospital’s rule (to avoid coefficients of
the form 0

0) for the computation of the solution of these equations
that make up the coefficients of the method (14). We note that the
system of equations produced by Eq. (14) is solved by an applica-
tion of Cramer’s rule.
The above procedure is repeated for the calculation of the coeffi-
cients of the methods (24)–(25) and for the methods (28)–(29).

Method of solution:Symbolic Computation using Maple

Restrictions on the complexity of the problem:None

Typical running time:1800 seconds

Unusual features of the program:None
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